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ABSTRACT

Multivariate generalizations of the concept of a Schur convex-function are
defined and characterized. These characterizations are shown to be useful in
obtaining majorization and rearrangement inequalities. We give simple
derivations of known results as well as new ones with applications in proba-
bility and statistics.

1. Introduction

Rearrangement and majorization inequalities have been the subject of many
recent papers, ¢.g. [4], [10], [12]. Our main stimulation derives from the works
of Lorentz [9] and Fan and Lorentz [3] (see Section 2). The theory bears applica-
tions to the study of statistical comparison of distributions, reliability theory, etc.

Leta =(ay,--,a,) be an n-tuple of real numbers. We denote by a* the decreas-
ing rearrangement of a, i.e. a* is composed of the components of a, set in decreas-
ing order.

Let € be a prescribed collection of real valued functions. A class of partial
orderings of R" can be defined as follows: for a, < € R", we write a <o if

i fla) = 2 f(a) for all fin &.
i=1 i=1

It is established in Hardy et al. [5] that when % is the class of all convex
functions, the ordering a < a ia equivalent to the relations

A
™M=

k
(12) Y at <

i=1 i

of, k=1,-,n
1

i
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with equality for k = n. In this case @ <a can also be expressed by the relation
a = o7 valid for some doubly stochastic matrix T.

A wide class of ordering relations is generated by specifying € to be a cone of
generalized convex functions (for this concept see Karlin and Studden [7, Ch. XI]).
In this context the ordering @ < & reduces to the expression that u, — u, belongs
to the dual cone of ¥ where p, and g, represent the measures concentrating unit
masses at the points of {a;} and {o;) respectively.

Henceforth we concentrate on the case where ¥ comprises the collection of all
convex functions and the relation < is that of ‘‘majorization’” 5, p. 45] which
is equivalent to (1.2).

In this paper we characterize the functions monotone with respect to the order-
ing relation of majorization. That is, we delimit the functions i which satisfy

lﬁ(al, ...’a"') < l/l(dl,"',dm)

for every set of n-tuples a’ = (a},-,a}) and of = (o, ,0}) satisfying o’ <o’
i=1,-,m.

This monotonicity property, and another one (both in Section 3) can be con-
strued as multivariate analogues of the concept of Schur functions (Ostrowski
[13)).

We show (in Section 4) that the theorem of Fan and Lorentz is a special case ot
our characterization. Section 4 offers further examples of probability inequalities,
with emphasis on the multinomial distribution. We finish by presenting some
consequences emanating from the inequality of Lorentz and show that a number
of recent publications are subsumed by [9].

2. Remarks on results of Fan and Lorentz

In this section we state the results of Lorentz [9] and Fan and Lorentz [3]
and point out how the latter result can be obtained in a simple way from the
former. We add a few remarks which will be useful later, in the applications.

A function of two variables f(x,,x,) is said to be a positive set function if

2.1 fley+ hoxy + k)~ f(x1 + Byxy) — f(x4, % + k) + f(x1,%x2) 2 0

for h, k 2 0, and arbitrary choices of x,,x,. Note that when f has continuous
second partjal derivatives, condition (2.1) is equivalent to

o
(2.2) ax15x2 =
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Let a'=(a!,---,a’), i=1,---,m be n-tuples of real numbers. Let o be the
decreasing rearrangement of @' so that o' = ¢™* in the notation of Section 1. Let
¢(x4, -+, x,,) be a positive set function in each pair of variables (the other m — 2
kept fixed). Lorentz [9] established the following inequality
n n
2.3 j§1 ¢(a11., e d]) S j§1 ¢(a}, s, o).

The proof consists of the observation that the rearrangement of the vectors a
can be done in steps, interchanging two terms of a vector at a time. This reduces
the problem to the simple case where we have to show that if

a= (al’ aZ), b= (bla bz)a a*=a, b* = B
then

®(ag, by) + P(az,b5) < Py, B1) + ez, B2)
which coincides with condition (2.1).

The result of Fan and Lorentz [3] is as follows: Let a’ be as above and let o'
be n-tuples of decreasing numbers satisfying now &' <a' (i.e. (1.2) holds) for
i=1,-,m. Let ¢ be a positive set function in each pair of variables, which
satisfies the additional condition that ¢ is convex in each variable; then (2.3) is
again valid.

REMARKS.

1. It follows easily that if ¢(x,, -+, x,, -, x,,) determines a positive set function
forevery pair of variables x;,x; when i, j > k,or i, j < k,and a negative set function
provided i £ k and j > k then (2.3) takes the form

n
1 k  k+1%
DS B sl )

n ~ ~
z ¢(a;,...’a§’a§+1’ ...’a'f’)

IIA

where a' = (al,--,a}) is the increasing rearrangement of ', i =1, .-, k.

2. Let y(a,b) be a function of two variables and introduce the matrix
r‘//(al’ bl) lﬁ(al, b2) o l//(ala bn)

Y(a,b) =
l,b(a,,', b 1) ot w(am bn)
a=(a1""’an)1 b=(b11“"bn)'
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A positive function y is called totally positive of order 2 (TP,; see Karlin [6])
if every second order subdeterminant of ¥(a,b) is non-negative, It is readily
checked that a positive y is TP, iff ¢(a, b) = logy(a, b) is a positive set function.
Thus a version of (2.3) can be cast in the form

n

(2.4) 1;[1 lp(a},"',a?) = 1—[ 'lb(a;*’”'9a?*)

i=1
for any positive function y which is TP, as a function of any two of its variables.

3. Let W be a permutation matrix. Observe that (2.3) can be expressed for
the case m =2 in

2.5 tr Wep(er, B) < tr (e, B) (tr A = trace of A)

where ¢(a, B) is a positive set function, a,p are n-tuples of decreasing numbers.
Since any doubly stochastic matrix can be written as a convex combination of
permutation matrices, it follows that (2.5) applies for any doubly stochastic W.

4. Proof of the inequality of Fan and Lorentz: For ease of notation, we restrict
ourselves to the case m = 2 (see also Section 4). Let a,b be n-tuples of real numbers
and o, B n-tuples of decreasing numbers satisfying ¢« < a, b < p. By a theorem of
Hardy, Littlewood and Pélya [5] there exist doubly stochastic matrices S and T
such that a = aS, b = pT. Writing out the indicated expressions and invoking
the convexity of ¢ in each variable we obtain

tr ¢(a,b) = tr§(aS,pT) = tr ST (o, B) < tr(a,B)

where the last inequality results from Remark 3 above. But the inequality tr ¢(a,b)
< tr ¢(a, B) is exactly (2.3) in the case m =2,

In Section 4 we shall indicate that this result of Fan and Lorentz can be derived
as a special case of our treatment of multivariate Schur convex functions.

3. The main theorems

DerniTioN 1. Let ' = (al,+++,a), i =1,---,m denote n;-tuples of decreasing
numbers. A function y(a',---,a™) is said to be a multivariate Schur function if
Y(al,,a™) < ¥ (@, -, o™ for every set of n-tuples a'=(a}, -, a),i=1,--m,
of decreasing numbers such that a* <a’ (i.e. relations (1.2) hold). For m=1
this reduces to the old concept of a Schur function (Ostrowski [13]). A
function of n variables is said to be a Schur function if Y(a) < y(a) for any
n-tuples of decreasing numbers a = (ay,*+,a,), & = (a, -, «,) which satisfy a <o
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It is well known that a symmetric convex function is a Schur function. It can
be easily shown that a symmetric function ¢ which is convex in each one of its

variables and which satisfies
¢(a19a1:a3""9an) + ¢(a2»a2,a39“'san) < 2¢’(a13a2303""san)

is also a Schur function. Note that if ¢ is a negative set function (i.e. (2.1) holds
with the inequality reversed) then the above inequality clearly holds.

We first examine the case m = 1 and stipulate that y«(a;, -+, a,,) is differentiable,
(Henceforth we shall use differentiability as needed without stating it as one
of the conditions).

The following lemma is established in [13]. Our simple proof may be of some
interest.

LemMmA 1. is a Schur function, i.e.  satisfies

lﬁ(“b"%%) é W(“l’"',an)

for any n-tuples of decreasing numbers a = (ay, -+, a,), & = (02, ---,a,) satisfying
a <4, if and only if

(€R)) —il//(a) - ilﬁ(u) = 0 for all k <j and all decreasing n-tuples a.
da, da;

PrOOF. Define ¢ by ¢(zy,:+-,z,) =¥(z1,22 — 215>+, 2, — Z,—1). We have
Y(ay,-,a,) = §(ag,ay + az,+,a; + a, + -+ +ay).
Recallthatea <a iff a; + a, + -+ +a, S a; + oy + -+ + o fork £ n — 1and thus
¥ is a Schur function if and only if ¢ is monotone in its first n — 1 variables, on
the domain where z, =a; + --- + g, is constant. Differentiating for 1<k <n

gives
F F v oy
< ees —_ — ] —_ vae —_ = ___( - _____(
0 = azk¢(zl5 ,Z") 6Zkl//(21522 21, »Zp zn—l) aak a) aak+1 a)‘

This implies (3.1) and the proof is complete.

Since y(al,---,a™) is a multivariate Schur function if and only if it is a Schur
function as a function of any one of its vector variables, the others kept constant
we deduce

THEOREM 1. al,.--,a™ is a multivariate Schur function if and only if
y
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(3'2) _a_l//_-__(al’_“’am) - ,ai(al,.",am) = 0
day, oa;

foralllk<j<n,i=1,--,m where a' are ni-tuples of decreasing numbers.

DerFINITION 2. Let a',---,a™ be m n-tuples of real numbers. A function
Y(at,---,a™) is said to be a multivariate symmetric Schur function if

‘//(alT’...,amT) é w(ul’...,am)

for any n x n doubly stochastic matrix T, and any n-tuples a?,---, ™,

The definition tacitly presupposes certain symmetry properties to the extent that
the value of the function is unchanged when the same permutation is applied to
all vectors. This fact follows since the inverse of a permutation matrix is also a
permutation matrix and both are doubly stochastic.

For m = 1 our definition coincides with that of a symmetric Schur function, i.e,
a symmetric function satisfying ¥ (&) < (o) whenever a < a holds. (Here a
and a are not necessarily in decreasing order.)

THEOREM 2. V is a symmetric multivariate Schur function if and only if

% (oz,i‘—oc}) [a_lp_(al,...,am) — _ai(al’n_,am)] g 0
=1 doi; 0ot

for all k,j<n.
Manifestly the above inequality is a weaker condition than (3.2).

PrOOF. Assume ¥ is Schur, and take

(¢ 1-t0 - - - o)
1—t ¢t 0 - - - 0

0 0 10 - - 0
T= . . 1 .
.0

0 0 0 1

L J

where 0 <t < 1.

By adding and subtracting terms in an obvious way, we get, invoking the mean
value theorem
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0 M VT o) L, 5 -ty (22,

1 —1 t-1 i=1

04 0,
Conversely, define
&) = Y(@'T,--,a™T)

for T explicitly as above. Then

‘# ( "a") alﬁ

dal dok

FO= T (- [ YV (aty )|

where &' = o'T.

Now a! — ab = (2t — 1)(ef — a}), and so by our assumption ¢’(£) = 0 for ¢ > 4.
But ¢(¢) is symmetric about ¢ = } which implies

Dz ¢() for 05t <1,
ie. yal, -, a™ 2 Y(@'T, -, a"T).

For a general doubly stochastic matrix the result is obtained by interchanging the
first and k-th rows and the first and j-th columns of T, for k, j < n and repeating
the above argument, and then applying the fact that every doubly stochastic
matrix is a product of a finite number of matrices of the above form [5, p. 47].

4. Applications

ExampLE 1. From our general setting we indicate how to extract the inequality
of Fan and Lorentz which we now restate in a slightly more general form than in
Section 2. Let @', i =1,-.+,m, be n-fuples of decreasing numbers, and let a® be
an n-tuple of increasing numbers which will be kept fixed. Let ¢(x4,xy,+,x,,) be
a function of m + 1 real variables and define

w(als'”sam) =

e

9(af,a} -, 0.

J
We prove that i is a multivariate Schur function as a function of 4, --+,a™, with
fixed (but arbitrary) a°, if and only if

62
_— > <il <
axiaxk ‘I»"(J’o,ha ,y,,,) = O, 1 Y l,k <m
“.1)
az
— < < ;
axiaxo ¢(y0’y1; ,y,,,) = 0, 1 <i<m

for all real yg,-++, ¥, int the domain of ¢.
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ProOF. Since @' are vectors of decreasing numbers we consider for 1 <i < m,
1 £ k < n, the expression

iﬁ(al, _,,,am) —_ ﬂ, (al’ ...,am).
Oa, 041
This equals
d m_ 0 m 3 2
Egii(al?’a:,..-,ak) - Egii(al?+laalz+1"":ak+l) = jEO (ai - a£+l) 6x,v<?xj ¢(y)

where y = (3o, V15, Ym) I8 2 suitable point arising by application of the mean
value theorem. It follows that

%(ul,...’am) —_ ﬁall/_(al,...,am) g 0
aai aa:cﬂ

if the conditions of (4.1) are satisfied. By making a special choice of the terms of
a' it is easy to see that conditions (4.1) are also necessary. Appealing to Theorem 1
the proof is complete.

By a standard approximation procedure we can deduce that (4.1) is necessary
and sufficient for ¢ to satisfy

3

1 1
Jo (. S1(D), . fu(D)dt < L (1, 91(), -+, gu(D))dt
for every system of decreasing bounded functions f;,g;, i =1,:--,m such that
fi<g ie.
J- fHdt = f g{Ddt, 0= x <1 with equality for x = 1.
0 0

ExamrLe 2. Let X =(X,, -+, X,) have the multinomial distribution

N k
PX=x)= ) o7
( ) (xls'":xh iI—-Il :
Where X = (xl,---,xk), Z’,lei = N, and 25:1 ei = 1.
Let ¢(x,,--,x,) be a symmetric Schur function (i.e. ¢ is symmetric and satisfies
¢(x) < ¢(y) whenever x < y). Define the function /(0) as the expectation
N k
10 =0 = Z o) (, T ) T o

sttty Xy =1
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where the sum extends over all k-tuples of non-negative integers x = (x4, -+, x;)
for which X *_,x; = N holds.

PROPOSITION.  Y/(0) is a Schur function.

Proor. We show that condition (3.1) of Lemma 1 (Section 3) is satisfied.

YO u®) _ EOOE (x1 %,
T =N e T () (6 -52)
Rearranging the order of summation the sum becomes
k }’i
T_I (@1 + Lya, 30 — $01, V2 + Lys, -, )

where the sum now extends over all k-tuples y = (y, -, y,) for which
k-1
2 yi = N - 1.
i=1
Invoking the symmetry of ¢ we finally obtain

W @®) 3 (®)

691 692
0052 02 07050% - 0

=N!2(l — )(y.l_l’y,..-,
yilyaleyd o yilyalee gyl 01 2 Vi)

_¢(y1: Y2 + 13 ) yk)

where the sum exteands over (y, -+, y,) as above satisfying the additional condition
¥1 > y,. Since ¢ is a Schur function

¢(yl + lsyla"',yk) - ¢(Y1’J’2 + 1;)’35‘“,)’1:) g 0

- for y; > y,. Since

6165 — 0703' >0 for y,>y, and 6, >0,

w e have

WO _oy(@®O
20, ~ a0, =

for 8, > 6, and the proof is complete.
As an example consider the expectations
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¥1(0) =Eo( max X))

125igk

¥2(0) = Eo( min X))*

1=isk

a>0

where X; are distributed as above. Since (max;c;<,x;)" and —(min, ¢;<; x,)"*
are both symmetric Schur functions, the proposition implies that ,(0) and
— ,(0) are Schur functions.

Thus we obtain for example that Eg(max,;,X;) is minimized for 0
= (1/k,---,1/k) since for any 0=(8,,---,6,) where 2% ,0,=1 we have
(L/k,-+,1/k) < (01,5 6,).

Results of this kind are applicable in determining least favorable distributions
for testing multinomial hypotheses. (See, for example, Gupta and Nagel [4],
where some tables of y/,(0) and ¥,(0) are given.)

In the same way we obtain that the function y,(0) = — Po(X, 2 r,---, X, =71)

and ¥,(0) = — Py(X, <1, Xix <r) (r fixed) are Schur functions. This is so
because

PO(XI Z ra"'an g 7‘) = E0¢r(X)

Po(Xy <1, X, <1) = Eg1(X)

where
(1 min x; = r
¢.(x) = 4 1<igk
(x) =
LO min x; <r
1<i<k
(1 max x; <7
X(x) — 1=igk
F
0 max x; = r
1<isk

ans both — ¢,(x) and — y,(x), being monotone functions of min x; and max Xx;
respectively, are symmetric Schur functions. For a different proof of this result
see Olkin [12].

COROLLARY. Let X;, i=1,---,k be independent random variables with the
Poisson distribution, i.e,
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x

PX;=x)=¢e™ A

20’ x=0,1,-

If ¢(x) is a symmetric Schur function then E,§¢(X,,---,X,) is a Schur function,

The proof follows from the fact that the distribution of X given X%_, X,
is the multinomial distribution, and from the fact that the collection of Schur
functions is a convex cone.

ExampLE 3. Let X,,---,X, be independent binomial random variables with
P(X;=1) = p;. Denote S = X}_, X;. We show

Ip(.pl""spn) = Epp"'sp,.qs(s)

is a Schur function if ¢ is concave. For this we use Lemma 1,

Y(@ysp) = Z pi(l—p) i1 —pa) T (i x;)

where the sum extends over all vectors (x,,-+-,x,) of zeros and ones.

N W T "
1 (p1—p3) X ¥ -1} [<13(2+i=23 xi)

op;
—2¢ (1 +ié x,-) + ¢(i:23 xi) ]

which is non-negative by the concavity of ¢. For a different proof see [7].

ExaMPLE 4. We now generalize the preceding example to the case of multi-
nomial variables. Consider the (m + 1)-dimensional random variables

f(1,0,0,---,0) with probability pj
(0,1,0,---,0) with probability p}
(X0, X0, X0) = <

, -+,0,1)  with probability py

\ N

Lt

plic=1’ k=1:"°:n-
i

Set p' = (p,+,ph), i=1,---,m and define
Y’(pl,...’Pvn) =E,i+ pm 7)) (2 in’ p sz,...’ p X,:")
= =1

k=1 k=1 k
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We shall derive conditions on @ under which ¥ is a (symmztric) multivariate
Schur function. Note that

v, = 2 T1 e bt epo (£ e £ )
k=1 k=1 k=1

where the sum extends over all (m + 1)-tuples of zeros and one Xy ey X
such that

X xi=1, k=1,-,n
i=0
Differentiation produces
v n 0 x° m m n 1 n 5 n m
=z 11 oDt 0D o1+ T T, B
api k=2 k=2 k=2 k=2

For simplicity of notation we replace in the sequel each sum of the form
" _3Xi by y'; thus for example

n n
DO2+95,95 M =02+ T %, T x2-, T xP) ete.
k=3 k=3

k=3
We get
or v " K, ™
— =2 I] G)™ (D4
o

where the sum is as above only for k = 3,-.-,m, and

4= (pZI - p%) [@(2 + yls'yz,“'s'ym)_ZQ(l + '}’1,72»"','}’"') + @(,yl,'_.’,ym)]

+ 2 i~ PO [P+ 9572 7 L L9,y e ™)
i

- ¢(1 + ys?29"',7m)_di('yl,'"s'yi_lsl + yia')’i+19 "':’ym) + Q(y19 "t ym)] .
By Theorem 1 we infer that if @ is concave and a negative set function in each two
variables then ¥ is a multjvariate Schur function (consult Definition 1).
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We now check the condition of Theorem 2. Using the above computation one
gets

of=ph (=) = -2 [T b o0 0@, 0

p
- o1 0py

i=1

where Q' = (pi— p3.pi — P2, PT — P3)
and (A;;P) denotes the m x m symmetric matrix with entries
Ay =By L Ly ey T Ly 4 ey

— DL, e,y L Ly 9™

— B ey, Y Ly ey o+ B ™)
for1<i<j<m,and fori=1,---,m

gD = OG-y L2 9 ey
= 20(0% L LYy e ™) + B, 9™

Thus ¥ is a symmetric multivariate Schur function (Dzfinition 2) provided
(A;; D)iij=1 is non-positive definite. Observe that (A;P);;=, is the discrete
analogue of the second differential, so that the condition becomes that @ is a
discrete-concave function.

ExaMPLE 5. Let X, i =1,.--.n be independent random variables with dis-
tribution given by p(X; = k) = (1/s)(1 — 1/s)¥, k =0,1,2, --- where

s;>1, i=1,--,n,ie. X, has a geometric distribution with

(2) p; = 1 — si’ i= ]_’-..’n.

We set

lp(sl""ssn) = Es s,,ds(Xl"":Xn)

13000y

where @ is a symmetric function of n variables and we determine conditions under
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which ¥(sy,-+-,s,) is a Schur function. The case where @ is a function of the sum
X 7.1 x; was treated in [7].
We prove:

PrOPOSITION.  If @ is convex in each variable and if the function

g(xl"”’xi—liu’xi+13"'9xj—19vsxj+19"'sxn)

u+4v u-—v

= D(xg,, %1, 3 3 Xjr 15 s Xjqs 5 )xj+1,""xn)

is nondecreasing in v and a positive set function in u and v for all i #j,
i,j =1,...,n then ¥Y(s,,---,5,) is a Schur function.

It is easily checked that ®(x,,---,x,) = X[, p(x;) satisfies the above condi-
tions if both y(x) and its first derivative are convex and we conclude that
Y(sy, 8 = Egy. 5. 2i=1¥X;) is a Schur function. In particular
E,,, .. 27=1X],y=2isa Schur function.

PROOF OF PROPOSITION.

n o

Y(sy,s) =[] 1=p) z . i kg, L k).

i=1 kysooskn=

Differentiating with respect to s, and s, we get

2
ds,

14

Kieies kn=

) u > "
W_?Ts;?: L A=p) {(pr—p) T pitee P D(ky, o, k)

[e]

+(A=p)? X kTP (kg k)

kireeskn,=0

0
—(=p) T kopi'p5 3 e By Bl oK)}
klr...-kn=o
We now regard the latter expression as a polynomial in p,, ---, p, and rearrange
the order of summation by collecting the coefficients of terms of equal degree
(say m + 1) in py, .-+, p,. We thus obtain

a a n «w
'5‘;?{/—6——1—”= H A-p)(p1—p) X Alks, -+, ky)
1 S i=1 k3s.nskn=0

where
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[} [m/2]
A(k39---akn) = E E Bm—2kp':{p,2‘ ' {(m -2k + 1) I.—.@(m - kak’ k39"" kn)
m=0 k=0

—20(m — k + 1Lk, ks, -, k) + Om — k + 2,k ks, -, k)]

+ [k + DDm — k + 2,k, ks, -+, ky)

— (k+ D)D(m — k + 1,k + 1,k -, k)

— k®(m — k + 1,k — Lky, -, k) + k®(m — k,k, ks, -, k)]}

and B, = X[ o pipy".
By Lemma 1 we deduce that in order for ¥ to be a Schur function it is sufficient

that @ is convex in each variable and satisfies for every pair of variables the
inequality

k+1DPm—-k+2,k)—(k+1D)Pm—-k+1,k+1)—kdm—-k+1,k—-1)
©) + k®(m — k,k) = 0
where we have suppressed the variables which are unchanged. To simplify (3) define

b

u+v u—v
o) = (32157

then @(x,y) = g(x + y,x — y) and (3) becomes

{gm +2,m — 2k +2) — g(m + 2, m — 2k)} + k{g(m + 2, m ~ 2k + 2)
“)

— g(m +2,m —2k)— g(m,m — 2k + 2) + g(m,m — 2k)} = 0.

(4) will be satisfied if g is monotone in the second variable and a positive set
function.

In the case that @ is a function of X }., x, the expression in (3) vanishes and
thus ¥ will be a Schur function if @ is convex.

5. Some applications of the theorem of Lorentz

In this section we indicate how several recent results can be derived directly
from the inequality of Lorentz [9]. Some of these observations were also made
by Day [2].

1. Ruderman [14].

The function ¢(xy,+,%,) = J]; x; is a positive set function in each pair
of variables, for x' = 0, i = 1, .-+, m. Thus for nonnegative n-tuples a'i = 1,---, m
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IA
M=

'[_]1 a* by (2.3).

i

m
i
Il 4
j i=1 ji=1

Note that the function @(x, -+, x,,) = log (X [=; x,) is a negative set function in
each pair of variables for x; >0, i =1,---,m. Remark 2 of Section 2 implies

l_nl %aﬂgﬁ %aj-*.
F23 L2

2. Minc [10].

The function &(x,, -+, x,) = min;<; <, X;, X; > 0is both TP, and a positive
set function in each pair of variables. Remark 2 and the inequality of Lorentz
(2.3) imply, for a', i =1,---,m n-tuples of positive numbers

B

n

min gt < min a*¥
Ao i = i)
j=

1Sism =1 1gism
and
n n
Y min g ¥ min af*
j=1 1Zigm i=1 15ism

which are Theorems 3 and 5 in [10].

3. London [8].
For a>0, b> 0 let @(a,b) = F(log(1 + b/a)) where F(x) is convex and

increasing for x =0.
Then 9@ [dadb £ 0 which implies using Remark 1 and London’s notation

F(x) = (&)
(B o) 2 e

i i i i

for a,b n-tuples of positive numbers. This is Theorem 1 in [8].

4, The next example is similar to London’s Theorem 2 [8]. Both are direct
consequences of the inequality of Lorentz. Consider ®(a, b) = f(a — b) where f
is convex, @ is a negative set function for — w0 < a,b < o0 which implies (see

Remark 1)

f(a? = Ei)

M=
M=

fla~h) <

i

1

i
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In particular
n n -
Y |lag—bfP £ X |af —b|? forpz1.
i=1 i=1

5. The following example generalizes a result of Abramovich [1]. Let
y=(yy,+*+,¥2,) and consider the function of 2» variables ¥ defined by

M:

P(y) = ) D(y2i-15> V2i)-

]

1
An easy induction argument shows that if @(a, b) is symmetric then ¥ satisfies
P(y) £ P(y*) for all yeR*"

if and only if @ is a positive set function. Setting y,;—; = a;, y,;=b;, i =1,---,n
we can rewrite the above inequality in the form

Ma

¢(abbi)§ z @(d:‘,b:‘)é E Q(y;‘i—lay;‘i)
i=1 i=1

i=1

where on the left we have applied Lorentz’s inequality. On the right the vector
y* is a decreasing rearrangement of y whereas on the left a and b are rearranged

separately. Invoking Remark 2 of Section 2, this implies that the function
defined by

'/7(3’) = H F(yzi-15y20

i=1
where F is positive and symmetric satisfies
¥(y) < P(y*) for all yeR*"
if and only if F is TP,. In particular if we choose
F(x,p) = (o) + ay(ep)"™ + o + ap,
x,y20, 4,20, i=1,..,m, then F(x,y) is TP, (see Karlin [6, p. 101]). We

obtain that

n
H1 [(G2i-1920" + @121 ¥2)"" " + 500y + 4]
i=

attains its maximum when y is arranged in decreasing order, This analyses
Theorem 2 in Abramovich [1].
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